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We emphasize that a knowledge of energy and entropy densities of quark gluon plasma - a thermal-
ized de-confined matter, formed in relativistic heavy ion collisions fixes the formation temperature
and the product of gluon fugacity and formation time uniquely, provided we know the relative fu-
gacities of quarks and gluons. This also provides that a smaller formation time would imply larger
fugacities for partons. Next we explore the limits of chemical equilibration of partons during the
initial stages in relativistic collision of heavy nuclei. The experimentally measured rapidity densi-
ties of transverse energy and charged particle multiplicity at RHIC and LHC energies are used to
estimate the energy and number densities with the assumption of formation of a thermally equili-
brated quark gluon plasma which may be chemically equilibrated to the same or differing extents
for quarks and gluons. The estimates are found to be very sensitive to the correction factor used for
the Bjo¨rken energy density for identifying it with the initial energy density. The extent of chemical
equilibration near the end of the QGP phase is inferred by solving master equations by including
the processes gg ↔ ggg and gg ↔ qq along with expansion and cooling of the plasma. The possi-
ble consequences for invariant mass distribution of intermediate mass dileptons radiated from the
plasma are discussed which could distinguish between different scenarios.
I. INTRODUCTION
The discovery and characterization of the properties
of quark gluon plasma, the strongly interacting decon-
fined matter, remains one of the best orchestrated in-
ternational efforts in modern nuclear physics. The Rela-
tivistic Heavy Ion Collider (RHIC) and the Large Hadron
Collider (LHC) studying the collisions of heavy nuclei
at relativistic energies continue to generate a wealth of
data which is being analyzed to provide valuable infor-
mation about the nature of the ephemeral matter thus
created. It is now believed that a matter having a tem-
perature of a few hundred MeV and an energy density of
several GeV/fm3 is being created in these collisions and
that it is partonic in nature. Several signatures, envis-
aged and not necessarily envisaged earlier, viz., radiation
of photons and dileptons, suppression of hadrons having
large transverse momenta due to jet-quenching, suppres-
sion (and regeneration) of heavy quarkonia, elliptic (and
higher order) flow etc., have been confirmed [1].
The early theoretical considerations using pQCD to
study initial conditions, supplemented with concepts of
self-screening [2] and parton saturation [3] or cascad-
ing partons [4–6] have provided valuable insights while
the developments in concepts of colour gluon condensate
model[7] have reached a level of sophistication, where the
results are able to provide detailed description of the ex-
perimental data, most notably the particle spectra and
their azimuthal anisotropy.
Our goal in the present work is rather modest. We
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recall that at least the description of the electromagnetic
radiations from the plasma requires a detailed knowledge
of the constituents of the plasma in terms of their quark
and gluon contents. In view of this, the present work
explores the limits of the chemical equilibration of the
partons in the initial stages expected on the basis of the
rapidity densities of the particle multiplicity and trans-
verse energy measured in these collisions. The transverse
energy of the collision is often used to estimate the ini-
tial energy density using the so-called Bjo¨rken energy es-
timate [8], which can be considered as its lower limit.
We introduce a correction factor fBj to denote this and
explore the dependence of our results on this.
II. FORMULATION
We realize that at relativistic energies, a large number
of low-x partons from the colliding nuclei have sufficiently
large linear momenta. The vehement collisions of the
partons and their subsequent multiplications lead to a
rapid (local) thermalization at an initial time τ0. This
could be of the order of a fraction of a fm/c at LHC
energies and larger at the smaller energies used, say, for
the beam energy scan program at RHIC.
We further assume that the evolution of the system at
later times can be described by relativistic hydrodynam-
ics. In these initial studies we neglect the viscosity of
the system for simplicity. We assume that the partons,
limited to light quarks and gluons, may or may not be in
a state of chemical equilibrium. The chemical equilibra-
tion, if not already attained, proceeds via the processes
gg ↔ ggg and gg ↔ qq, for which we set up the neces-
sary master equations [9–13]. The elastic scatterings are
assumed to maintain the kinetic equilibrium during the
expansion and cooling.
2We also neglect the transverse expansion of the plasma
in these exploratory calculations. However it can be eas-
ily incorporated [10, 11, 14]. We shall closely follow the
notations etc. from Ref. [9] in the following, except for
the rate R3 (see later) for which a more recent expression
derived in Ref. [12] has been used.
Assuming the plasma thus formed to be an ideal fluid
its expansion can be described by the equation for con-
servation of energy and momentum:
∂µT
µν = 0 , T µν = (ǫ + P )uµuν + Pgµν , (1)
where ǫ is the energy density and P is the pressure mea-
sured in the frame comoving with the fluid and uµ is
the four-velocity vector of the fluid with the constraint
u2 = −1. We shall describe a partially equilibrated
plasma using scaled distribution functions for equilibrium
distribution of gluons and quarks:
gi(q, T, λi) = λig
eq
i (q, T ) , (2)
where
geqi (q, T ) = 1/(e
βu·q ± 1) (3)
is the Fermi-Dirac (Bose-Einstein) distribution for quarks
(gluons), β is 1/T and λi is the fugacity for parton species
i and describes the extent of its deviation from chemical
equilibrium. This accounts for the under-saturation or
over-saturation of the parton phase space density. Thus
for undersaturaion of the species i, 0 ≤ λi ≤ 1 while
λi ≥ 1 for its over-saturation. The latter has been dis-
cussed by some authors in connection with thermal mod-
els describing the ratios of particle production [15].
We write the equation of state for a partially equili-
brated plasma of mass-less particles as [9]
ǫ = 3P = [a2λg + b2 (λq + λq¯)]T
4 , (4)
where a2 = 8π
2/15, b2 = 7π
2Nf/40 and Nf ≈ 2.5 is the
number of dynamical quark flavours. The density of an
equilibrating partonic system can be written as
ng = λgn˜g, nq = λqn˜q, (5)
where n˜k is the equilibrium density for the parton species
k:
n˜g =
16
π2
ζ(3)T 3 = a1T
3, (6)
n˜q =
9
2π2
ζ(3)NfT
3 = b1T
3, (7)
so that the number density of the partons reduces to
n = [ng + nq + nq¯] = [a1λg + b1(λq + λq¯)]T
3. (8)
We neglect the net baryons in the central rapidity region
and assume that λq = λq¯. This is definitely valid at
central rapidities at larger energies at RHIC and LHC
and will remain a reasonable approximation, as long as
the number of produced pions far exceeds the number of
net baryons. This equation of state (Eq. 4) provides that
the speed of sound cs = 1/
√
3.
Now the master equations [9] for the dominant chemi-
cal reactions gg ↔ ggg and gg ↔ qq¯ are written as:
∂µ(ngu
µ) = ng(R2→3 −R3→2)− (ngRg→q − nqRq→g) ,
∂µ(nqu
µ) = ∂µ(nq¯u
µ) = ngRg→q − nqRq→g, (9)
in an obvious notation.
It is well known that for a purely longitudinal boost
invariant expansion, Eq. 1 reduces to [8]:
dǫ
dτ
+
ǫ + P
τ
= 0, (10)
where τ is the proper time. This equation implies
ǫ τ4/3 = const. (11)
The master equations governing the chemical equili-
bration reduce to [9]
1
λg
dλg
dτ
+
3
T
dT
dτ
+
1
τ
= R3(1− λg)− 2R2
(
1− λqλq¯
λ2g
)
,
1
λq
dλq
dτ
+
3
T
dT
dτ
+
1
τ
= R2
a1
b1
(
λg
λq
− λq¯
λg
)
, (12)
which are solved numerically for the fugacities for any
given initial condition.
We quote the rate constants R2 and R3 appearing in
Eq. (9) for the sake of completeness. The rate constant
R2 is taken from the Ref [9], while R3 is taken from
Ref. [12]:
R2 ≈ 0.24Nfα2sλgT ln(1.65/αsλg),
R3 =
32
3a1
αsTλg
(
1 +
8
9
a1αsλg
)2
I(λg) , (13)
where the colour Debye screening and the Landau -
Pomeranchuk - Migdal effect suppressing the induced
gluon radiation have been taken into account, explicitly
and
I(λg) =
∫ √sλf
1
dx
∫ s/4µ2D
0
dz
z
(1 + z)2

cosh−1 (
√
x)
x
√
[x+ (1 + z)xD]
2 − 4xzxD
+
1
sλ2f
cosh−1 (
√
x)√
[1 + x(1 + z)yD]
2 − 4xzyD

 ,(14)
with xD = µ
2
Dλ
2
f , yD = µ
2
D/s, and µ
2
D = 4παsT
2λg.
We also note that λf is the mean-free path for elastic
scattering given by
λ−1f =
9
8
a1αsT
1
1 + 8παsλg/9
. (15)
3We conclude this section by recalling that the Bjo¨rken
energy density ǫBj is defined as
ǫBj(τ0) =
1
πR2T τ0
dET
dy
(16)
where RT is the transverse dimension of the system and
dET /dy is the transverse energy of the produced particles
in the central rapidity region.
This can be identified with the initial energy density
ǫ(τ0) if the work-done against the pressure during the
longitudinal expansion and effects of viscosity can be ne-
glected. The transverse expansion is expected to only
redistribute the available transverse energy among the
particles. It has been argued that a proper accounting
for these increases the Bjo¨rken energy estimate by a fac-
tor of 2 [16]. In what follows we define:
ǫ(τ0) = fBjǫBj(τ0), (17)
where fBj ≈ 2 stands for the corrections to the Bjo¨rken
estimate for the initial energy density [16]. We shall see
later that our results will depend crucially on the inclu-
sion/neglect of this correction factor.
Proceeding along similar lines but now neglecting any
change in entropy during the expansion, the initial num-
ber density of the partons can be written as
n(τ0) =
1
πR2T τ0
dN
dy
(18)
where N is the multiplicity of the particles produced.
In what follows we use the experimentally measured
pseudo-rapidity density of the transverse energy and the
multiplicity of charged particles obtained experimentally
at RHIC [17] and LHC [18] to estimate these as follows:
dET
dy
= J(y, η)
dET
dη
(19)
and
dN
dy
=
3
2
J(y, η)
dNch
dη
(20)
where J(y, η) stands for the Jacobian for the η to y trans-
formation (see Ref. [17, 18]) and the factor 3/2 accounts
for the neutral particles.
III. INITIAL CONDITIONS, CHEMICAL
EVOLUTION AND RADIATION OF DILEPTONS
Writing the general expressions for the energy and
number densities at the initial time τ0 :
ǫ(τ0) = [λga2 + 2λqb2]T
4
0 (21)
and
n(τ0) = [λga1 + 2λqb1]T
3
0 (22)
we get
T0 =
[
ǫ(τ0)
n(τ0)
]
×
[
a1 + 2αb1
a2 + 2αb2
]
, (23)
where α = λq/λg is the relative fugacities of quarks and
gluons. We can, in principle, estimate the initial energy
density ǫ in terms of the experimentally measured rapid-
ity density of the transverse energy and the number (or
equivalently entropy) density in terms of the experimen-
tally determined rapidity density of produced particles.
This then fixes the initial temperature in terms of α. The
product λg(τ0)τ0 can then be obtained from the rapidity
density of the particles (see again later). In the following
we explore specific cases by using some estimates for fBj,
α, and τ0.
We already have the necessary mathematical frame-
work in place to study the chemical evolution of the
plasma formed in relativistic collision of nuclei. As
mentioned above this has been studied in several early
works [9–11] and extended to study equilibration of
strangeness [14] and thermal production of charm [12]
using initial conditions derived from a self screened par-
ton cascade model [2] or HIJING model [19].
A. Thermally and chemically equilibrated quark
gluon plasma
As a first step we assume that a thermally and chemi-
cally equilibrated quark gluon plasma is formed in these
collisions at a temperature T0 at proper time τ0. This
immediately implies that
λq(τ0) = λg(τ0) = 1. (24)
The rate equations (Eq. 12) then ensure that these will
remain constant and equal to one during the expansion
and cooling.
The energy density and the number density for ther-
mally and chemically equilibrated plasma, with negligible
net-baryons can be written as,
ǫ(τ0) = [a2 + 2b2]T
4
0 (25)
and
n(τ0) = [a1 + 2b1]T
3
0 (26)
so that
T0 = fBj
[
a1 + 2 b1
a2 + 2 b2
]
dET /dy
dN/dy
≈ 0.337fBjdET /dy
dN/dy
(27)
and
τ0 =
1
πR2TT
3
0 (a1 + 2b1)
dN
dy
(28)
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FIG. 1: (Colour online) The initial temperature and forma-
tion time for energies at RHIC, LHC and FCC under the
assumption of the formation of a thermally and chemically
equilibrated plasma. The correction factor for the Bjo¨rken
energy density is assumed to be equal to 1 or 2.
uniquely.
Actually this should not come as a suprise to us. The
Eq. 27 simply implies that the energy per particle for a
system of thermallized mass-less partons is ≈ 2.96T0 (see
also Ref. [3]). The crucial step that we take in this work
is to use this knowledge along with the experimentally
measured rapidity density of produced particles to ex-
plore the formation time τ0 (Eq. 28) and extent of chem-
ical equilibration (see also later).
Before proceeding we recall that the Eq. 28 has often
been used [21] to estimate the initial temperature with
an assumed value for τ0.
We give the results of this estimate for the data ob-
tained at RHIC energies during a beam energy scan [17]
and LHC [18] energy (2.76 ATeV) for the most central
collision (see Fig. 1). The results for LHC (5.02 ATeV)
and Future Circular Collider (39 ATeV) are also indicated
based on estimated multiplicity and transverse energy ra-
pidity density [20]. We show our results for two choices
of the correction factor fBj, namely, 1 and 2, applied at
all the energies under consideration.
If we neglect the correction factor fBj, we find that
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FIG. 2: (Colour online) Production of intermediate mass
dileptons from quark-antiquark annihilation at RHIC (200
AGeV) and LHC (2.76 ATeV) energies for fBj equal to 1 and
2 respectively and λq(τ0) = λg(τ0) = 1.
the formation time of the plasma for the energies under
consideration is of the order of 1–2 fm/c. The initial
temperatures at all energies are found to be in excess of
160 MeV, the putative value for the (critical temperature
for) quark-hadron transition.
A rich structure is seen to emerge in the variation of
the initial time (τ0) which rises from a value of ≈ 1 fm/c
at lowest energies, to a little more than 2 fm/c at the top
RHIC energy and a similar drop to about 1.3–1.4 fm/c
at higher energies. This trend of rise and fall is also seen
when the large correction factor of 2 is used.
At what energy does it peak and where does the turn-
over start?
We also note that the initial temperature in both the
cases rises monotonically but logarithmically with the
centre of mass energy. One possible explanation for this
behaviour could be an increasing role played by the sat-
uration of the partons at higher collision energies and an
increase in their momenta.
Of-course this trend can be off-set or it can even be
completely different, depending on the variation of fBj
with the energy of the collision (see also later).
The importance of including/neglecting the correction
factor fBj is immediately and abundantly clear. Thus we
see that assuming a value of 2 for this correction factor
leads to an increase in the initial temperature (T0) by a
factor of 2 and a decrease in the formation time (τ0) by
a factor of eight.
In Fig. 2 we give the invariant mass distribution of
intermediate mass dileptons from quark-antiquark anni-
hilation, following the treatment of Ref. [22], for RHIC
energy (200 AGeV) and at LHC energy (2.76 ATeV) from
the QGP phase. As expected, we see that the results
are quite sensitive to the estimates for the corrections to
Bjo¨rken energy density. Similar differences were found
for the FCC energy.
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FIG. 3: (Colour online) The initial fugacity and temperature
for energies at RHIC, LHC and FCC under the assumption
of the formation of a thermally equilibrated plasma at τ0 = 1
fm/c. The correction factor for the Bjo¨rken energy density is
assumed to be equal to 1 or 2.
B. Thermally equilibrated and chemically
equilibrating quark gluon plasma
We note that with the neglect of the net baryons in
the central rapidity region, we need four parameters to
describe a thermally equilibrated quark gluon plasma,
λg, λq, T0, and τ0. In the above we have seen that the
assumption of chemical equilibration provides unique val-
ues for T0 and τ0 once the correction factor fBj is speci-
fied.
1. λg(τ0) = λq(τ0)
In the following we relax this condition. As a first step
we assume that the quarks and gluons are equilibrated
to the same extent at the beginning, i.e.,
λq(τ0) = λg(τ0). (29)
This fixes the initial temperature uniquely according
to Eq. 27.
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FIG. 4: (Colour online) The initial fugacity and temperature
for energies at RHIC, LHC and FCC under the assumption of
the formation of a thermally equilibrated plasma at τ0 = 0.2
fm/c. The correction factor for the Bjo¨rken energy density
is assumed to be equal to 1 or 2. Note that the results for
the initial temperature are identical to those in Fig.3 and are
repeated here to emphasize this point.
However as mentioned earlier, now the formation time
has to be determined from
λg(τ0)τ0 =
1
πR2TT
3
0 (a1 + 2b1)
dN
dy
. (30)
This provides that if τ0 is large, the extent of chemical
equilibration will be small. However once again, the cor-
rection factor fBj plays a significant role, as the product
λg(τ0)τ0 is proportional to 1/f
3
Bj.
While one expects smaller τ0 for higher incident
energies from several considerations, e.g., increased
〈pT 〉 for higher incident energies implying higher initial
temperatures[23] with τ0 ∝ 1/3T0 or higher saturation
momenta psat for higher incident energies [3], so that
τ0 ∝ 1/psat, its precise value remains indefinite.
In order to encompass these limits, we discuss our re-
sults for two typical values for τ0 namely, 1 fm/c (Fig. 3)
and 0.2 fm/c (Fig. 4), favoured by various groups for ini-
tiating the hydrodynamic calculations. Results for any
arbitrary value of τ0 can be easily calculated.
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FIG. 5: (Colour online) The time evolution of fugacities and
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FCC (39 ATeV) with the assumption of formation time, τ0 =
1.0 fm/c and the correction factor, fBj =1 and 2.
Now the crucial dependence of the extent of chemical
equilibration on the correction to Bjo¨rken energy density
becomes even more interesting. We see (Fig. 3) that for
fBj = 1 and τ0 = 1 fm/c, the quarks and gluons are in a
state of super-saturation for all energies under consider-
ation.
However if fBj is chosen as equal to 2, while the en-
ergy density increases by a factor of 2, the plasma at
all the energies is under-saturated as the initial temper-
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FIG. 6: (Colour online) The time evolution of fugacities and
temperature at RHIC (200 AGeV), LHC (2.76 ATeV) and
FCC (39 ATeV) with the assumption of formation time, τ0 =
0.2 fm/c and the correction factor, fBj =1 and 2.
ature increases by a factor of 2, and the initial fugacities
λg(τ0) = λq(τ0) decrease by a factor of 8 (see Fig. 3).
Looking at Fig. 4, we find that we have more surprises
in store for us. For fBj = 1 and τ0 = 0.2 fm/c we find
that plasma is grossly oversaturated at all energies, while
it is moderately undersaturated for fBj = 2.
We now look at the time evolution of the fugacities.
For the sake of brevity, we consider only three cases,
RHIC top energy, LHC (2.76 ATeV) and FCC (39 ATeV)
7for the two cases discussed above (Fig. 5).
We note that the super-saturation of quarks and glu-
ons noted at all the energies decreases with passage of
time and approaches chemical equilibration. However,
even towards the end of QGP phase, the plasma at RHIC
(200 AGeV) remains away from chemical equilibrium, re-
maining over-saturated for fBj = 1 and remaining under-
saturated for fBj = 2.
The results for the LHC(2.76 ATeV) are also quite in-
teresting in the sense that the plasma approaches chem-
ical equilibrium for fBj = 1 but remains moderately
under-saturated when it is taken as 2.
The plasma at FCC approaches chemical equilibration
for both cases.
Next we assume that the formation time τ0 = 0.2 fm/c.
Calculations similar to that discussed above are given in
Fig. 6.
We have already noted that the initial temperatures
are not altered by reduction of the formation time in our
description. When fBj is taken as 1 and the formation
time τ0 as 0.2 fm/c, then the plasma at all energies is
necessarily produced in a highly super-saturated form,
though it attains the chemical equilibration towards the
end of the QGP phase for the higher energies. We must
add that it is not clear whether such a highly super-
saturated plasma would be stable.
If however fBj is taken as 2, the plasma at all the en-
ergies under consideration is produced very close to a
chemical equilibration. If confirmed, this lends a very
strong support to all the calculations of electromagnetic
radiation where a chemically equilibrated quark gluon
plasma is assumed to be formed in relativistic heavy ion
collisions, with a formation time of the order of 0.2 fm/c.
Can the radiation of dileptons having intermediate
mass be used to distinguish the different evolution sce-
narios discussed here? In order to assess this we show
our results for the above cases in Fig. 7.
We find that for all the cases under consideration, the
production of dileptons having intermediate mass is only
marginally affected by reduction of the formation time
from 1.0 fm/c to 0.2 fm/c for a given fBj, even though
we have seen above that it drastically alters the phase-
space occupancy of the partons in the plasma through
the entire history of evolution!
However the results are found to be extremely sensitive
to the value of fBj. It is already known (see Ref. [10])
that this result would not be greatly altered by inclusion
of transverse expansion of the plasma.
This could be quite useful in determining the precise
value of fBj and the initial energy density.
2. λg(τ0) 6= λq(τ0)
It has been discussed for a long time that the initial
state of the plasma could be rich in gluons [24], because
σgg > σqg > σqq and number of gluons in the nucleons
could be much larger than the number of quarks. Gluon
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FIG. 7: (Colour online) The invariant mass distribution of in-
termediate mass dileptons radiated from nucleus-nucleus col-
lision at RHIC (200 AGeV), LHC (2.76 ATeV) and FCC (39
ATeV) when of formation times is reduced from 1 fm/c to 0.2
fm/c and the correction factor fBj increased from 1 to 2.
multiplication via gg → ggg and quark fragmentations
q → qg also lends support to this supposition. Several
studies reported earlier [2, 3, 9–11] have utilized this con-
dition. The colour gluon condensate initial state would
also indicate this.
Thus, as an example, we assume that the initial fugac-
ities are such that:
λq(τ0) = αλg(τ0) (31)
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FIG. 8: (Colour online) The initial fugacity and temperature
at RHIC, LHC and FCC energies under the assumption of
the formation of a thermally equilibrated plasma at τ0 = 1.0
fm/c. The correction factor for the Bjo¨rken energy density is
assumed to be equal to 1 or 2. The extent of initial chemical
equilibration is assumed to be such that λg(τ0) = 5λg(τ0).
and we take (somewhat arbitrarily),
α = 0.2 . (32)
Proceeding as before we note that once again the initial
temperature is uniquely fixed and the Eq. 27, reduces to
T0 = fBj
(
a1 + 2 αb1
a2 + 2 αb2
)
dET /dy
dN/dy
(33)
Similarly, the initial time/fugacity will now be deter-
mined via:
λg(τ0)τ0 =
1
πR2TT
3
0 (a1 + 2αb1)
dN
dy
. (34)
We note that the fraction (a1+2αb1)/(a2+2αb2) is ≈
0.357 for α = 0.2 and thus the initial temperatures deter-
mined now will be about 6% larger than that determined
earlier using Eq. 27. In the extreme case of vanishing α,
this quantity is about 0.370 and will mean an increase of
about 10% in the initial temperature, for the same energy
density.
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FIG. 9: (Colour online) The initial fugacity and temperature
at RHIC, LHC and FCC energies under the assumption of
the formation of a thermally equilibrated plasma at τ0 = 0.2
fm/c. The correction factor for the Bjo¨rken energy density is
assumed to be equal to 1 or 2. The extent of initial chemical
equilibration is assumed to be such that λg(τ0) = 5λg(τ0).
This as well as the smaller value for λq are then com-
pensated by an increase in the value for λg.
Thus we see (Fig. 8) that for τ0 = 1 fm/c and fBj = 1,
as before in Fig. 3 the initial temperature is more than
170 MeV at all the energies under consideration. The
initial fugacity for gluons is also more than 1 at all en-
ergies and has a peak at RHIC (200 AGeV). The quarks
are under-saturated mostly because of the assumption
that λq(τ0) has a value which is one fifth of the value for
λg(τ0).
Once again we see that increasing the fBj by a factor
of two increases the initial temperature by a factor of
two, (see Eq. 33). However, now the gluons as well as
quarks are produced in a grossly under-saturated state
of chemical equilibrium.
Assuming a formation time of 0.2 fm/c and taking
fBj = 1 leads to the same initial temperature as before
(and larger than 170 MeV) at all the energies under con-
sideration and a grossly over-saturated plasma-the over-
saturation reaching a peak at the top RHIC energy, for
gluons. In fact even though we have assumed λq = λg/5
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FIG. 10: (Colour online) The time evolution of fugacities and
temperature at RHIC (200 AGeV), LHC (2.76 ATeV) and
FCC (39 ATeV) with the assumption of formation time, τ0 =
1.0 fm/c and the correction factor, fBj =1 and 2. We have
additionally assumed that λg(τ0) = 5λq(τ0)
at the time of formation τ0, even the quarks are over-
saturated with λq > 1 at all energies (Fig. 9).
Enhancing the value for fBj to 2, increases the ini-
tial temperature by a factor of 2 as before but now
the plasma is moderately over-saturated for gluons and
under-saturated for quarks at all energies.
In Figs. 10 and 11 we show the time evolution of the
fugacities and temperatures for RHIC (200 A GeV), LHC
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FIG. 11: (Colour online) The time evolution of fugacities and
temperature at RHIC (200 AGeV), LHC (2.76 ATeV) and
FCC (39 ATeV) with the assumption of formation time, τ0 =
0.2 fm/c and the correction factor, fBj =1 and 2. We have
additionally assumed that λg(τ0) = 5λq(τ0) (see discussion)
(2.76 ATeV) and FCC (39 ATeV) assuming τ0 to be 1
fm/c and 0.2 fm/c and the correction factor fBj as 1 and
2 as before for the present case.
The results are very revealing and interesting to say the
least. When fBj is taken as 1 and the formation time is
taken as 1 fm/c gluons are over-saturated and quarks are
under-saturated in the beginning. However, the gg ↔
ggg and the gg ↔ qq reactions included in our study
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FIG. 12: (Colour online) The invariant mass distribution of
intermediate mass dileptons radiated from nucleus-nucleus
collision at RHIC (200 AGeV), LHC (2.76 ATeV) and FCC
(39 ATeV) when of formation times is reduced from 1 fm/c to
0.2 fm/c and the correction factor fBj increased from 1 to 2.
The initial fugacity of the gluons is assumed to be five times
that for the quarks.
quickly drive the plasma to near chemical equilibration
at all the energies under consideration.
Increasing the fBj to 2 produces the plasma in a state
of under-saturation but again the system is driven to the
chemical equilibrium at all the energies. The essential dif-
ference in the cases is that gluons remain over-saturated
in the early stages in the first case while they remain
under-saturated in the second case. the evolution.
The results get a lot more interesting and intriguing
when the formation time is assumed as 0.2 fm and fBj
remains 1. We have already seen above that the ini-
tial gluon and even quark fugacities remain considerably
larger than unity for all the energies. This has a very
amusing consequence. Now the rate equations provide
that the quark fugacities turn negative(!) for a part of
the history before becoming positive again! This is def-
initely unphysical, provided that our rate equations re-
main valid even under such extreme conditions.
Thus we show our results only for fBj equal to 2. Now
the gluons are moderately over-saturated and quarks are
moderately under-saturated during the initial stages and
the partonic reactions quickly drive the system towards
a state of chemical equilibrium well before the plasma
starts to hadronize.
An indication of this possibility was actually already
present in the earlier expression for R3 (see Ref.[9]) as
it contained a term
√
λg(2− λg) because of some of the
simplifying assumptions made while deriving this. This
would have driven the rate equation to unphysical region
for λg > 2. In fact this originally prompted us to use
the more recent estimate for R3 (Eq. 13) from Ref. [12]
which is free from this debilitating condition, as we en-
countered λg > 2 very early in our studies. A far better
and complete expression for the momentum distribution
of the radiated gluons in the process gg ↔ ggg is now
available Ref. [25] and thus a more accurate expression
for R3 can be derived. We postpone this study for a
future publication.
Finally we show our results for the production of inter-
mediate mass dileptons for the top RHIC energy, LHC
(2.76 ATeV) and FCC (39 ATeV) as before but only for
those cases where the fugacities remain in a physical do-
main during the evolution (see Fig. 12).
We notice once again that the radiation of intermediate
mass dileptons is fairly robust against reasonable varia-
tions of formation time for a given fBj and the history
of evolution of the fugacities. However it does depend
strongly on fBj principally as it immediately gives rise to
larger initial temperature.
IV. ESTIMATING fBj FROM HYDRODYNAMIC
CALCULATIONS
In the above we have reported detailed studies of the
initial conditions, history of evolution, and radiation of
dileptons for several cases with some assumed vales for
fBj etc.
We have seen explicitly that the history of evolution
of the system will be decided by the initial energy and
entropy density. This is of-course no surprise. We have
also seen that the assumption of thermal equilibration
of the plasma opens up a way for reasonable excursions
in the description of the evolution of the system, with
reasonable assumptions about the state of chemical equi-
libration. Thus we saw a very important result which is
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fBj = 1
Energy λg(τ0)= λq(τ0) λg(τ0)= 5λq(τ0)
(ATeV) T0 (GeV) λg(τ0)τ0 (fm) T0 (GeV) λg(τ0)τ0 (fm)
RHIC (0.2) 0.196 2.046 0.207 3.239
LHC (2.76) 0.280 1.355 0.296 2.145
LHC (5.02) 0.292 1.413 0.309 2.237
FCC (39) 0.362 1.277 0.384 2.021
fBj = 2
Energy λg(τ0)= λq(τ0) λg(τ0)= 5λq(τ0)
(ATeV) T0 (GeV) λg(τ0)τ0 (fm) T0 (GeV) λg(τ0)τ0 (fm)
RHIC (0.2) 0.392 0.255 0.415 0.405
LHC (2.76) 0.560 0.169 0.593 0.268
LHC (5.02) 0.585 0.177 0.619 0.280
FCC (39) 0.725 0.160 0.767 0.253
fBj = 3
Energy λg(τ0)= λq(τ0) λg(τ0)= 5λq(τ0)
(ATeV) T0 (GeV) λg(τ0)τ0 (fm) T0 (GeV) λg(τ0)τ0 (fm)
RHIC (0.2) 0.588 0.076 0.622 0.120
LHC (2.76) 0.840 0.050 0.889 0.079
LHC (5.02) 0.877 0.052 0.929 0.083
FCC (39) 1.087 0.047 1.150 0.075
TABLE I: Initial temperature and product of gluon fugacity
and formation time for different values of fBj (see text) at
RHIC, LHC and FCC energies.
Energy (ATeV) τ0 (fm) fBj T0 (GeV) λg = λq
RHIC (0.2) 0.2 2.82 0.552 0.457
RHIC (0.2) 0.6 2.05 0.401 0.398
RHIC (0.2) 1.0 1.88 0.369 0.307
LHC (2.76) 0.2 3.43 0.960 0.168
LHC (2.76) 1.0 2.09 0.585 0.149
FCC (39) 0.2 3.43 1.242 0.158
FCC (39) 1.0 2.03 0.737 0.152
TABLE II: Initial temperature and product of gluon fugacity
and formation time for different values of fBj (see text) at
RHIC, LHC and FCC energies.
not often clearly stated: once we assume that the plasma
is thermally equilibrated and can guess the relative initial
fugacities of quarks and gluons, (λq/λg), the initial tem-
perature can be uniquely fixed provided we additionally
know fBj or alternatively ǫ(τ0), for a given particle rapid-
ity density. An independent guess about the formation
time can then fully determine the initial state.
The correction factor fBj, needed to estimate the ini-
tial energy density should be necessarily more than 1,
except when the life time of the system is very small or
when the initial temperature is small. It has been ar-
gued [3] that if transverse expansion can be ignored, one
may estimate this correction factor as (Ti/Tc) where Tc
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FIG. 13: (Colour online) The invariant mass distribution of
intermediate mass dileptons radiated from nucleus-nucleus
collision at RHIC (200 AGeV), LHC (2.76 ATeV) and FCC
(39 ATeV) when of formation times is reduced from 1 fm/c
to 0.2 fm/c.
is the transition temperature of the plasma. In princi-
pal the transverse energy could decrease further till the
system decouples, but it is felt that this could be com-
pensated by transverse expansion. We feel that if the
life time is sufficiently large or if the initial temperature
is sufficiently large, the transverse expansion may set in
well before the temperature drops to Tc, and thus the
factor could be smaller than (Ti/Tc).
However in view of these arguments the results for
fBj=1 in Table. I , serve as a base-line for further dis-
cussion, at least for top RHIC and higher energies. In
Table. I we summarize values of the initial temperature
T0, and the product λg(τ0)τ0 for three typical values of
fBj, viz 1, 2, and 3 and for α equal 1 and 0.2, as an easy
reference. One can use it to use any desired value of τ0,
for further studies.
We realize that a large value of fBj, e.g., 2 or 3 nec-
essarily leads to a large value for the initial temperature
for the given multiplicities. Further, if we assume that
the plasma is chemically equilibrated, at least for gluons,
then the formation times are necessarily only a small frac-
tion of a fm/c. A larger formation time would then also
necessarily imply an under-saturated plasma. We feel
that these aspects have not received sufficient attention
in the literature.
Looking closely we also realize this possibility should
arise naturally, simply because a small formation time
necessarily arises due to produced by vehement collisions
among the partons and that should drive the system to
chemical equilibration. The reverse would also be true.
It may sound trivial, but not necessaryly so if we re-
call the enormous developments in the hydrodynamic de-
scription of the relativistic heavy ion collisions. Thus for
example in most of the highly successful hydrodynamic
studies the initial number of partons or their energy den-
sities are assumed to be produced [26, 27] according to
a weighted sum of number of collisions and number of
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participants, a fact which is independently and empir-
ically established from the experimental results on cen-
trality dependence of particle rapidity density. Thus, one
writes:
s(τ0, x, y, b) = κ [αnBC(x, y, b) + (1 − α)nWN(x, y, b) ]
(35)
where, κ is a normalization constant, α (∼ 0.25 at top
RHIC energy) denotes the fraction of hard contribution
and nBC and nWN stand for number of binary collisions
and number of wounded nucleons at the position (x, y)
for impact parameter b. The adjustable constant κ is
then tuned to correctly reproduce the particle spectra
and particle rapidity density for several classes of cen-
trality. In some studies, alternatively energy density is
similarly adjusted.
These initial studies have been brought to a high de-
gree of sophistication by inclusion of the interesting phe-
nomenon of event by event fluctuations and shear as
well as bulk viscosity. The hydrodynamic evolution only
needs the initial energy density and pressure along with
the equation of state.
In the following we attempt to get an estimate of fBj by
comparing the average energy density attained in these
studies with the Bjo¨rken energy density.
We obtained the average energy densities attained for
RHIC and LHC energies by tuning the entropy density as
discussed above to reproduce the experimental multiplic-
ity and spectra of the produce particles with assumption
of different formation times (0.2, 0.6 and 1.0 fm/c) [27].
We define:
ǫ0(τ0) =
1
πR2T
∫
ǫ(x, y)dxdy (36)
where RT is the transverse dimension. Comparing this
energy density with the experimental Bjo¨rken energy
density, we estimate the factor fBj (see Table II).
We note that for reasonable τ0 the fBj ≥2. We also
note that fBj is larger for smaller τ0. This we feel hap-
pens as the initial temperature and thus the pressure is
large and the system losses more transverse energy in the
work done against the pressure. We also find that the sys-
tem necessarily produced in a chemically under-saturated
state (note that we have assumed λg(τ0) = λq(τ0)).
We have used these initial conditions to solve the rate
equations to get the history of evolution of the systems
and in Fig. 13 we plot the dilepton spectra for all the
cases under study as before. We see a smaller produc-
tion for larger formation times. We also find that at least
for RHIC and LHC energy the differences are substantial
while larger differences are evident only at larger invari-
ant masses at FCC.
Before closing this section we would like to emphasize
another aspect of these considerations which needs more
detailed elucidation.
Almost all the studies for the electromagentic radia-
tions assume that the energy density obtained following
the procedure just discussed is for a chemically equili-
brated plasma. This then leads to a value for the initial
temperature Teq obtained from the energy density ǫ0(τ0).
This temperature (Teq) would then be given by:
T 4eq = λgT
4
0 . (37)
We immediately see that Teq/T0 is equal to λ
1/4
g and
thus Teq is 20% to 60% smaller than T0 for the results
given in Table II.
The corresponding entropy density, however has an
even more interesting behaviour. For the ”equivalent”
system of partons the entropy density is given by:
seq ∼ T 3eq , (38)
while for the actual system it is given by:
s0 ∼ λgT 30 , (39)
and thus
seq
s0
=
1
λ
1/4
g
. (40)
Thus we see that ”chemically equilibrated” plasma has
an entropy density which is 20% to 60% larger (!) than
what we actually needed to reproduce the muliplicity and
no longer consistent with it.
In addition to introducing an inherent inconsistency,
we recall that the spectra of electromagnetic radiations
(e.g. dileptons) are proportional to λ2q (here we have
assumed λq(τ0) = λg(τ0) and calculated the evolution)
while their slope is determined by the temperature. This
could lead to interesting differences. Furthermore, the
intgrated yield of electromagnetic radiation would be ∝
λ2qT
4 which also would be quite different.
A possible way out of the above impasse could be to
perform an iterative calculation by changing the forma-
tion time till λg turns out to be unity, while the par-
ticle spectra and the multiplicity are still correctly re-
produced. However this would be strictly valid only un-
der the assumption of the formation of a thermally and
chemically equilibrated quark gluon plasma at the corre-
sponding formation time.
V. SUMMARY AND CONCLUSIONS
We have explored the limits of initial temperature,
formation time and extent of chemical equilibration of
quark-gluon plasma at RHIC, LHC, and FCC energies.
The persistent result that we find points to the fact that
as the initial energy density could be a factor of upto
2 (or more) larger than the Bjo¨rken estimate, the only
possibility of having a chemically equilibrated plasma
would require that the formation time is a small frac-
tion of a fm/c. Conversely, if the formation time is large,
the plasma is most likely produced in a chemically under
saturated state. Next we have explored the chemical evo-
lution of the systems and obtained the dilepton spectra,
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which are found to be sensitive to initial densities. And
finally we have obtained an estimate of initial energy den-
sity of several systems from hydrodynamic calculations
which reproduce the experimental particle spectra and
multiplicity. This provides that the initial energy den-
sities could be a factor of 2-3 times larger than Bjo¨rken
energy density estimated experimentally. These studies
then help us to find the initial temperature and draw
interesting conclusions about the chemical equilibration
and formation time. We have also noted that invariant
mass spectra of dileptons can prove to be a valuable probe
to substantiate these findings.
In principle the study reported here could be improved
in several ways, e.g., introduction of transverse expan-
sion, consideration of shear and bulk viscosity, and event-
by-event fluctuations. The incorporation of viscosity may
reduce the estimates of initial temperature. The account-
ing of event-by-event fluctuations will throw open the
possibility of locally varying λg and λq as well as τ0 and
T0. It should also be of interest to extend these studies
to non-central collisions and solving the rate equations,
check whether this also affects the elliptc flow for example
for thermal photons and thermal dileptons [28].
We conclude from these studies that there is a need
to understand the extent of chemical equilibration and
formation time more accurately before we can draw re-
liable conclusions about electromagnetic radiations from
the plasma.
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